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Abstract—Knowledge mining in graphs has been widely
adopted in such fields as information retrieval, social networks,
databases, recommendation systems, and data analytics, where
computation often involves evaluating a function applied to
node/edge weights within a certain distance of each node.
While traditional graph problems (e.g., PageRank) deal only
with immediate neighbors, a variety of newer applications (e.g.,
triangle listing) examine all wedges, i.e., 2-node paths, originating
from each source. We generalize these scenarios using a simple
model, create a taxonomy of wedge-related computation based
on the type of decomposition they allow, and propose efficient
external-memory solutions to a particular class of such problems.
We model the I/O cost of our framework and demonstrate that it
achieves much better asymptotic complexity than prior methods.
For performance evaluation, we focus on two sample applications
– counting the number of unique supporters at distance 2 from
each source and identifying all 4-cycles in a given graph. Results
show that our algorithms can execute 2-3 orders of magnitude
faster, and are similarly more efficient in terms of I/O, than the
alternatives from related work.

I. INTRODUCTION

Many applications perform analysis, data mining, and in-
formation extraction on huge graphs that may be orders of
magnitude larger than RAM. Algorithms for such problems
must take into account not only the CPU complexity, but
also the cost of I/O. While small-scale tasks can run by
randomly accessing the disk to retrieve the necessary edges,
this quickly becomes prohibitively expensive, even with SSDs,
as the number of operations increases into the trillions. As a
result, massive I/O-bound jobs often have to use sequential
disk access and restrict calculations during each pass to small
neighborhoods of the currently visible nodes.

Such local computation has shown feasibility in two main
scenarios. The first one, which we call neighbor-based, col-
lects information from immediate neighbors of each node
along the directly attached links. Prime examples include
PageRank [21], which iteratively passes weights among neigh-
bors to determine the stationary distribution of a random
walker, and construction of a search index [6], which inverts
a weighted graph containing relationships between crawled
pages and their keywords. After decades of research, first-
neighborhood problems are well-understood, both algorith-
mically and theoretically, and efficiently covered by such
existing frameworks as GraphChi [16], GraphLab [18], and
MapReduce [13].

The second scenario walks to distance two from each

node, examining the various wedges (i.e., two-node paths)
in the second neighborhood of the source. This category,
which we label wedge-based, includes triangle enumeration
[8], [11], [12], similarity ranking [4], [15], [27], four-node
motif discovery [2], spam avoidance in web crawling [10],
SpGEMM sparse matrix-matrix multiplication [20], and vari-
ous related problems [5], [22]. In general, these algorithms are
quite expensive due to the enormous number of wedges that
participate in the computation and their tendency to scatter
across multiple partitions on disk.

The goal of this paper is to combine seemingly disjoint
problems in wedge-computing under the umbrella of a uni-
fying external-memory framework, which makes it easier to
analyze the various applications, obtain deeper generalizations
and insight, and translate new algorithms/theory into the
context of multiple research communities. To this end, we
first model wedge-based problems using a simple abstraction
and show that the underlying algorithms fall into one of three
classes, depending on the type of decomposition they admit.
In particular, Category-I problems allow two-dimensional par-
titioning of each wedge, which is a problem that already has
efficient solutions in triangle-enumeration literature [12].

Category-II problems permit only one-dimensional parti-
tioning of the wedge, which includes the majority of the
problems listed above (i.e., supporter graph ranking, 4-node
cycles, similarity calculation, recommendation systems, matrix
multiplication). While general graph libraries [16], [18], and
MapReduce [13] can be adopted to deal with such problems,
they are vastly expensive and often require sorting all wedges
on disk. Even on relatively small graphs, this translates into
TBs and even PBs of I/O. Instead, we propose a novel
framework called Decomposable Wedge Computing (DWC)
that solves these types of problems much more efficiently. In
particular, we derive a precise closed-form I/O model for our
method and show that it has linear scaling when the expected
product of in/out-degree at each node remains O(1) as the
number of nodes n → ∞. Finally, problems in Category III
(e.g., enumeration of 4-node cliques) appear to be strictly more
difficult and are left open for future work.

II. DEFINITIONS AND OBJECTIVES

There is a large body of work in big-data graph processing;
however, most of it is orthogonal to our investigation here.
The majority of prior literature assumes either that the entire
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Fig. 1. Definitions.

graph fits in memory [2], [7], [19] or that the problem can be
reduced to scans over the adjacency lists of the graph [16],
[18]. In contrast, we argue that the challenging problems lie
in external-memory wedge-based computation, which unfortu-
nately cannot be solved efficiently by the classical approaches.
We use this section to define the specifics of our model and
propose a new taxonomy for it.

A. Wedge-Based Computation

Assume a graph G = (V,E) with a set of nodes V and
edges E, which may be directed or undirected. Depending on
the application, the graph may additionally be weighted, where
ϕxy represents the value attached to edge (x, y) ∈ E and πx

signifies the weight given to node x ∈ V . Define a wedge
Pzyx = {(z, y, x);ϕzy, ϕyx;πz, πy, πx} to be a simple path
of length 2 that begins in z, which we call the originator,
passes through y, and terminates in x, i.e., (z, y) ∈ E and
(y, x) ∈ E. If no such path exists, Pzyx = ∅. Fig. 1(a) shows
an illustration for directed graphs.

While there are many disjoint wedges scattered across the
graph, we are interested in analyzing their collective properties
in the vicinity of each node. Specifically, suppose Pzx is the
set of wedges between z and x, i.e., Pzx = ∪y∈V Pzyx. In
the example of Fig. 1(b), which is no longer weighted to
avoid clutter, this set consists of three wedges passing through
(y1, y2, y3). Finally, let Px = ∪z∈V Pzx be the set of wedges
that end in x, which we call a wedge neighborhood of x. In
Fig. 1(c), this set contains a total of six wedges, originating
at z1, z2, and y1.

Definition 1. Let Nx be the set of neighbors of x and
f(Px, Nx) be some function that operates in RAM. Then,
wedge-based computation on G is a process that evaluates
f(Px, Nx) for every x ∈ V .

It should be noted that calculations inside f vary between
applications. They may involve counting the number origina-
tors and intermediate nodes, computing an overlap between
Nx and wedge originators in Px, and detecting intermediate

nodes that serve as originators for other wedges.

B. Taxonomy

Because the computational model of Definition 1 covers a
wide range of scenarios, it would be impossible to list all
functions f exhaustively and design a separate algorithm for
each. However, there is a way to classify wedge-based com-
putation into three distinct families, each requiring a separate
partitioning scheme and exhibiting different I/O complexity,
based on the level of decomposition they admit. In this context,
decomposition refers to breaking the problem into smaller
independent sub-problems whose solutions can be aggregated
with low complexity to yield the desired result.

Let n be the number of nodes in the graph, m be the
corresponding number of edges, Tn be the number of wedges,
and M be RAM size. We say that function f belongs to
Category I if it can process the wedges in Px independently
of each other. The main advantage of this type of problems
is that they allow two-dimensional partitioning of the graph
(i.e., by both originator z and intermediate node y) without
snowballing the I/O cost. With p = m/M partitions, Category-
I problems, where triangle enumeration is the main represen-
tative, can be solved in no more than min(Tn,

√
pm) I/O [12].

For the example in Fig. 1(c), consider its decomposition into
four subgraphs in subfigure (d). It is not difficult to see that
function f can detect all three triangles at x by processing
each subgraph separately from the others.

Next, suppose f does not fit into Category I. Then,
we say the function belongs to Category II if it can
operate on sets Pzx independently of each other. To
understand this better, consider the problem of dis-
covering undirected quadrangles (i.e., 4-cycles) involving
node x in Fig. 1(c), which contains four such motifs
(i.e., (z1y1y2x), (z1y2y3x), (z1y1y3x), (z2y3y4x)). In the 2D-
partitioned version of Fig. 1(d), only the leftmost subgraph
contains a 4-cycle (i.e., (z1y1y2x)). Thus, function f applied
independently to each subgraph would be missing three out of
the four quadrangles. To overcome this issue, the application
would need to write all triples (x, z, |Pzx|) to disk, where
|Pzx| is the number of wedges between z and x, sort them,
and reduce the result on the counter field. In the worst case,
this requires sorting all Tn tuples in external memory at
some exorbitant cost. On the other hand, one-dimensional
partitioning of Px on the originator z, as illustrated in Fig.
1(e), allows discovery of the first three quadrangles in the left
subgraph and the other one in the right. For the same reasons,
similarity ranking [4], [15], spam avoidance [10], and sparse
matrix multiplication [20] fall into Category II.

Finally, wedge-based problems that do not allow 1D wedge
decomposition belong to Category III. This typically means
that the entire set of wedges Px needs to be witnessed in
RAM in order for the computation to succeed. One example
would be finding 4-node cliques [2], which entails discovering
all triples of wedges (Pzyx,Pzwx,Pywx) in the set Px, where
z ∈ Nx. The main challenge here is that 1D partitioning
may put Pzyx and Pywx into separate files, which precludes
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Fig. 2. Partitioning options.

detection of the corresponding motif. Efficient I/O in such
cases is beyond the scope of this paper.

III. DECOMPOSABLE WEDGE COMPUTING (DWC)

This section introduces our approach for solving Category-
II wedge problems using external memory. The proofs omitted
from the paper, a more in-depth theoretical analysis, and
additional discussion/experiments can be found in [25].

A. Setup

For an algorithm A, define cn(A) to be its I/O complexity,
which is the number of edges exchanged with the disk (i.e.,
read or written during the execution). Unlike the classical I/O
model of [1], which counts the number of transfers using
block size B, all studied algorithms assume streaming (i.e.,
sequential) access to disk. Thus B is no longer necessary;
instead, the I/O-related runtime is fully determined by cn(A)
and the sequential read/write speed of the disk [23].

To avoid carrying edge weights ϕzy and node weights πz

in all formulas and algorithms, we first make a note that
inclusion of (ϕzy, πz) increases the size of each edge three-
fold, but does not change their number. Similarly, techniques
that solve wedge-related problems in directed graphs can be
easily adopted to undirected cases, i.e., by replacing each edge
(x, y) with a directed pair x → y and y → x. As a result,
we omit weights in the discussion below and only focus on
directed graphs, where wedges in Pzx are assumed to have a
fixed orientation z → y → x (see Fig. 1).

Let the input consist of an out-graph G+ = (V,E+), where
n = |V | is the number of nodes and m = |E+| is the
number of edges. Additionally, assume existence of an inverted
version G− = (V,E−) that contains the corresponding in-
edges. Suppose N+

i represents the adjacency list of i in G+,
i.e., its out-neighbors, and N−

i serves the same purpose in G−.
We assume that source nodes and neighbor lists are stored in
ascending order of IDs, which for performance reasons are
relabeled into a compact range 0 to n − 1. Finally, we use
Xi = |N+

i | to represent the out-degree, Yi = |N−
i | the in-

degree, and di = Xi + Yi the total degree of node i.

B. Partitioning

We next introduce our first framework, which we call
DWC1, for handling Category-II problems in external memory.

Recall that these problems require that all wedges in Pzx, i.e.,
between nodes z and x, be visible in RAM simultaneously.
To make the computation feasible with restricted RAM, the
original graph must be chunked into smaller units that allow
retracing of all wedges in Pzx. Since a subgraph can guarantee
visibility of only the edges adjacent to either z or x, it must
be combined with streaming passes over additional graph data
that brings the missing edges into RAM.

Assume a partitioning scheme on V that splits the nodes
into p ≥ 1 pair-wise non-overlapping sets V1, . . . , Vp, where
∪iVi = V , and let M be the size of RAM in edges. As in [11],
there are two options for splitting the graph, i.e., along either
the destination or source node of each directed edge. In the
former case, which we call Method A, we partition G+ into p
subgraphs G+

1 , . . . , G
+
p such that an edge y → x belongs to

G+
r iff x ∈ Vr. In the latter case, which we call Method B, we

split G− into G−
1 , . . . , G

−
p such that y ← z belongs to G−

r iff
z ∈ Vr. This is shown in Fig. 2.

In order to achieve the best I/O performance, i.e., the lowest
p = m/M , the subgraphs must be load-balanced to the size of
RAM. This requires setting up boundaries a1, . . . , ap+1, where
a1 = 1 and ap+1 = n+1, such that node i belongs to partition
Vr iff ar ≤ i < ar+1. In Method A, this is accomplished using

ar+1−1∑
i=ar

Yi = M (1)

and in Method B using
ar+1−1∑
i=ar

Xi = M. (2)

Deciding partition boundaries requires one scan over the
degree sequence, which has negligible I/O cost, i.e., n. Also
note the implicit constraints maxi Yi ≤M for Method A and
maxi Xi ≤M for Method B. On real graphs, where the largest
in-degree is often much higher than the largest out-degree,
Method B is less restrictive.

C. Computation

Algorithm 1 shows the logic behind DWC1-A’s operation.
For each partition r ∈ [1, p], Line 1 initializes an array v of
output values, one for each unique x ∈ Vr. In Lines 3-4, the
method loads the corresponding partition G+

r into RAM and
sets up a hash table that maps each node y to its partial out-
list N+

y (r). As a result of this operation, the hash table H
contains all relationships y → x for x ∈ Vr. The algorithm
then proceeds to scan the entire out-graph G+ to discover the
missing edges z → y (Lines 5-6). For a given z, it is possible
to identify all targets x reachable in two hops via H , construct
a pair of sets (Pzx, N

−
x ), invoke the user-provided function f

to perform the desired calculation, and use a reducer function
h to accumulate the result across different z (Lines 8-9).

Note that x−ar specifies the sequence number of x within
partition r, which we use as an index into array v. Applying the
user-provided reducer function h in Line 9 updates v[x− ar]
as many times as there are unique nodes z that can reach x at
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Algorithm 1: Wedge computing under type-A partitioning

1 for r = 1 to p do ◁ iterate over all partitions
2 v = array of |Vr| zeros ◁ initialize output values
3 load G+

r = {(y,N+
y (r))} into RAM

4 H = hash table built from G+
r ◁ maps nodes y to out-lists

5 while !eof(G+) do
6 load next neighbor list (z,N+

z ) from G+

7 for all x reachable in two hops from z using H do
8 construct (Pzx, N

−
x ) from (z,N+

z , H)

9 v[x− ar] = h(v[x− ar], f(Pzx, N
−
x )) ◁ reducer

10 for all v[i] ̸= 0 do
11 append (i+ ar, v[i]) to file Fout

12 set file pointer in G+ to the start

distance two. After the scan of G+ reaches the end, all non-
zero values in v, together with the corresponding node IDs,
are saved to disk, which is done by appending them to some
file Fout. Because all wedges Pzx for x ∈ Vr are witnessed
during processing of partition r, nodes x appearing in Fout

are both unique and sorted in ascending order.
The main caveat of DWC1-A is that (1) needs to allow for

counter values v when selecting partition boundaries. If the
result of function h has size ki for node i, boundaries can be
computed using

ar+1−1∑
i=ar

(Yi + ki) = M, (3)

which does not change the rest of the algorithm. This carries
low cost when h is a) scalar (e.g., summation or max) or
b) limited to storing the top-k result from some calculation,
where k is small compared to the average degree. However, if
merge function h needs to accumulate large lists of values, e.g.,
all unique supporters z, the overhead of v may be substantial.

We next examine how DWC1-B overcomes this problem. Its
logic is illustrated in Algorithm 2, which is pretty similar to
the one just discussed, except there is an important difference
in how v is created. Because wedge traversals begins with
x rather than z, all sets Pzx for different z are available to
DWC1-B back-to-back (Lines 6-9). Therefore, v is no longer
an array, but rather a single entity. After applying all needed
reducer operations to v, its value can be immediately saved
to disk in Line 11. As a result, boundary calculation in (2) is
still correct, which means that I/O performance of Algorithm 2
does not depend on the size of values producer by h. However,
since the same x may be seen in multiple partitions, the result
(x, v) must be written into a separate file Fout(r) for each r
and later merged. Because the output files contain nodes x in
ascending order, the merge operation requires sequential scans
of total size τ(p) =

∑p
r=1 |Fout(r)|, i.e., no additional sorting.

We put bounds on this cost below.

D. I/O Analysis

For the results that follow, assume that value size ki attached
to node i is independent of the node’s in-degree Yi. Taking into
account our discussion earlier in the section, where DWC1-A
uses an updated model (3) and DWC1-B requires a merge at
the end, yields the following result.

Algorithm 2: Wedge computing under type-B partitioning

1 for r = 1 to p do ◁ iterate over all partitions
2 load G−

r = {(y,N−
y (r))} into RAM

3 H = hash table built from G−
r ◁ maps nodes y to in-lists

4 while !eof(G−) do
5 load next neighbor list (x,N−

x ) from G−

6 v = 0 ◁ initialize output value for x
7 for all z reachable in two hops from x using H do
8 construct Pzx from (x,N−

x , H)

9 v = h(v, f(Pzx, N
−
x )) ◁ reducer

10 if v ̸= 0 then
11 append (x, v) to file Fout(r)
12 set file pointer in G− to the start

Theorem 1. DWC1-A needs at least p = (m + E[ki]n)/M
partitions and has total I/O

cn(1A) =
m2

M

(
1 +

E[ki]

E[Xi]

)
, (4)

where E[Xi] = m/n is the average degree of the graph.
DWC1-B needs at least p = m/M partitions and I/O

cn(1B) =
m2

M
, (5)

plus an additional τ(p) to merge the output files.

To decide which method A or B is better, we need to analyze
the merge overhead, whose upper bound is derived next.

Theorem 2. The I/O merge cost in DWC1-B is bounded by

τ(p) ≤ mE[ki] min
(
1,

n

M

)
. (6)

It is now easy to see that DWC1-B is always no worse
than DWC1-A, making it a winner in this comparison. In fact,
when E[ki] ≤ max(E[di],m/M), the cost of the final merge
using reducer h is asymptotically no different from that of
Algorithm 2, which satisfies the decomposability conditions
introduced earlier.

IV. EXPERIMENTS

In this section, we build an implementation of our tech-
niques and examine its performance on real graphs. Bench-
marks are performed on a machine with an 8-core Intel i7-
7820X @ 4.7 GHz, 32 GB of DDR4-3000 quad-channel
memory, and a 200-TB file system with 24 magnetic hard
drives (8 TB Hitachi Ultrastar) driven by two Areca 1882ix
controllers in RAID-50.

A. Directed Graphs

Our first evaluation involves the supporter-based ranking
problem [10], which counts the number of unique nodes at
distance two from each source x along the in-edges, excluding
direct in-neighbors. In the example of Fig. 1(c), we have
f(Px, Nx) = 1 since only node z1 is a true supporter of x
(z2 and y1 are direct neighbors). The output of the program is
a list of tuples {x, f(Px, Nx)}, ordered by x. Note that other
Category-II problems will exhibit similar amounts of I/O in
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TABLE I
DIRECTED GRAPH PROPERTIES

Name Graph Nodes n Edges m Degree Size (GB) Wedges Tn =
∑

i XiYi maxi Yi maxi Xi

D1 ClueWeb-domain 30,558,375 415,167,456 13.6 1.7 4,240,567,641,185 1,034,416 2,360,978
D2 ClueWeb-host 110,675,107 1,064,508,293 9.6 4.5 1,404,873,157,927 2,326,861 855,063
D3 ClueWeb-page 2,570,747,470 49,902,497,310 19.4 199.0 2,889,895,321,002 44,410,991 12,571
D4 IRLbot-domain 86,534,418 1,799,516,827 20.8 7.1 3,073,393,262,407 2,947,630 1,496,324
D5 IRLbot-host 641,982,060 6,752,615,553 10.5 27.9 2,704,210,948,405 5,475,224 1,333,966
D6 IRLbot-page 4,051,690,819 238,194,440,791 58.8 916.2 79,864,490,755,128 129,744,852 65,527

terms of edges, but their runtime may vary depending on the
complexity of target function f .

For the supporter problem, we use six directed graphs whose
properties are outlined in Table I. The first three are built by
parsing HTML from the ClueWeb 2009 crawl [9], producing
a 199-GB page-level dataset D3 with 2.5B nodes, 49B edges,
average degree 19.4, and 2.9T wedges. Condensing this graph
at the host level (110M nodes) and domain level (30M nodes)
produces the first two rows in the table. Even though these are
much smaller graphs, the number of wedges in D1 and D2 is
comparable to that in D3. This can be explained by their much
denser wedge structure.

The second half of Table I uses the 2007 IRLbot crawl
[17]. Because the full graph contains over 41B nodes and
thus requires 8-byte labels, we truncate it by dropping low-
degree nodes, which allows our code to process all six graphs
using 4-byte node IDs. The resulting graph D6 has 238B
edges, 4B nodes, 80T directed wedges, and occupies almost
a terabyte. Note that its largest in-degree maxi Yi shown in
the table (i.e., 129M) constrains type-A partitioning to no
less than 520 MB of RAM. Type-B, on the other hand, can
process this graph with just 250 KB of memory due to the
much smaller maximum out-degree. From D6, we obtain the
condensed domain/host graphs D4 −D5.

B. Actual I/O and Runtime

We first tested general-purpose databases by formulating a
self-join on the graph; however, this produced excruciatingly
slow results. For example, a 0.01% subsample of our smallest
graph D1 took 1,181 seconds in MySQL. We therefore do
not consider databases as a viable solution to this problem.
We further dismiss DWC1 in favor of DWC2 and replace the
generic MapReduce concept with four alternative implemen-
tations that have similar asymptotic I/O complexity – Hadoop
[3], STXXL [14], GraphChi [16], and Rstream [24]. The main
difference between these methods lies in the efficiency of the
merger/reducer within each framework. We next briefly review
their features and capabilities.

Hadoop is a widely used Java implementation of Google
MapReduce [13], while STXXL is a highly optimized C++
platform for various external-memory computation, including
sorting. GraphChi is a C++ representative of the family of
libraries in which weights are iteratively passed along the
edges between immediate neighbors [7], [19], [28]. This
model of computation works well with a scalar reducer that
shrinks multiple arriving weights into one (e.g., PageRank);

TABLE II
SUPPORTERS: ACTUAL I/O (TB) WITH 8 GB RAM

Method D1 D2 D3 D4 D5 D6

Hadoop 564 155 338 328 315 9,399
STXXL 237 75 159 170 149 4,974
GraphChi 47 17 29 31 27 808
Rstream 62 21 44 45 41 1,165
DWC2-A 0.002 0.004 2.5 0.007 0.06 28
DWC2-B 0.002 0.004 1.9 0.007 0.08 18

however, it incurs significant I/O cost when the weights must
be accumulated into growing vectors (e.g., all supporters of
a given node) whose size potentially exceeds RAM. Because
the latest generation of GraphChi allows storing edge weights
to disk, it can successfully operate on Category-II wedge
problems. Finally, Rstream comes from a related branch of
literature – graph-mining systems [24], [26] – that perform an
inner join of (z, y) with (y, x) to produce wedges (z, y, x). To
construct Pzx, all rows in the self-join result are sorted and
aggregated on x.

Note that prior work generates Tn wedges to disk in
the worst case, which are then sorted using Tn log(Tn)
I/O complexity. The main difference lies in the s-way
merge/distribution factor and possible removal of duplicate
pairs during the intermediate steps. For example, Hadoop uses
s = 10 by default, STXXL adjusts s based on RAM and input
size, and GraphChi uses s = Tn/M to create enough partitions
to finish in one distribution pass. It further compacts the edges
before writing them to disk. These nuances explain why the
actual I/O and runtime vary between prior methods.

Table II shows the I/O cost of all six methods in TBs and
Table III displays the corresponding runtime in days. Note
that experiments that could not finish within three weeks
are marked with gray background and their numbers are
extrapolated based on the remaining fraction of Tn that was
still left unprocessed. In the first row, Hadoop is unable to
produce results on any of the graphs, requiring an estimated
564 TB on the smallest dataset D1 and 9.3 PB on the largest.
Its predicted runtime is also exceedingly slow – almost 4
months on D1 and 6.7 years on D6. STXXL runs 2-3× faster
and exhibits success on D2, which it finishes in roughly 11
days, but its performance on the remaining datasets (i.e., 1-36
months) leaves much to be desired. GraphChi and Rstream are
tied for top place, beating Hadoop and STXXL by 6-12× in
I/O and 3-8× in runtime. Despite the win, they require over
two weeks on D1 and neither is capable of handing D6 in less
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TABLE III
SUPPORTERS: RUNTIME (DAYS) WITH 8 GB RAM

Method D1 D2 D3 D4 D5 D6

Hadoop 115 34 77 83 72 2,437
STXXL 41.4 11.6 26.7 28.7 24.8 1,093
GraphChi 16.6 4.8 9.4 9.9 8.8 259
Rstream 16.5 4.9 10.2 10.8 9.5 281
DWC2-A 0.20 0.17 0.24 0.28 0.20 2.2
DWC2-B 0.08 0.07 0.15 0.11 0.09 1.3

than an estimated 8-9 months and close to a PB of I/O.
We now turn attention to the performance of proposed

methods in the bottom two rows of Tables II-III. Our C++
implementation performs a full count of unique supporters z,
excludes immediate neighbors of x, and saves the resulting
tuples {x, f(Px, Nx)} to disk. Results from multiple partitions
are aggregated into a final counter for each node. When
the graph fits in RAM (i.e, cases D1, D2, D4), DWC2

yields astronomically lower I/O since it does not generate
any auxiliary files and its runtime is 70-200× better than the
fastest techniques in prior work. On medium-size graphs that
are 3-25× larger than RAM (i.e., D3, D5), the advantage is 23-
270× in terms of I/O and 62-88× in terms of runtime. Finally,
the largest graph, which exceeds RAM by 114×, yields an
estimated improvement by 42× and 199×, respectively.

As predicted earlier, dispersing counters to many random
locations x in Algorithm 1 has a noticeable negative impact
on the CPU-related runtime. As a result, DWC2-B performs
1.6-2.8× faster than DWC2-A. It also incurs less I/O in
cases where it matters – 35% on D3 and 56% on D6.
Additionally considering its lower minimum RAM constraint,
DWC2-B emerges as a safe default choice for Category-II
wedge problems in directed graphs.

Overall, the outcome for solving supporter-style problems
using DWC2-B is quite encouraging – graphs with a few
trillion wedges require 1-2 hours using an 8-core desktop CPU,
while those approaching 100 trillion take about a day, even on
input 100× larger than RAM.

V. CONCLUSION

We created a novel taxonomy of wedge-based computation
in external memory for a wide range of graph-analytics
applications. Under this umbrella, we identified three distinct
categories of algorithms based on the type of decomposition
they allowed and proposed an I/O-efficient solution for the
medium-complexity class, significantly improving previous
techniques in this area. While this type of computation is
rarely attempted in external memory, experiments show that
our approach is feasible even on graphs that exceed RAM size
by two orders of magnitude and contain hundreds of trillions
of wedges, without requiring exorbitant cluster resources.
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