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Abstract—Knowledge mining in graphs has been widely
adopted in such fields as information retrieval, social networks,
databases, recommendation systems, and data analytics, where
computation often involves evaluating a function applied to
node/edge weights within a certain distance of each node.
While traditional graph problems (e.g., PageRank) deal only
with immediate neighbors, a variety of newer applications (e.g.,
triangle listing) examine all wedges, i.e., 2-node paths, originating
from each source. We generalize these scenarios using a simple
model, create a taxonomy of wedge-related computation based
on the type of decomposition they allow, and propose efficient
external-memory solutions to a particular class of such problems.
We model the I/O cost of our framework and demonstrate that it
achieves much better asymptotic complexity than prior methods.
For performance evaluation, we focus on two sample applications
— counting the number of unique supporters at distance 2 from
each source and identifying all 4-cycles in a given graph. Results
show that our algorithms can execute 2-3 orders of magnitude
faster, and are similarly more efficient in terms of I/0, than the
alternatives from related work.

I. INTRODUCTION

With a rapidly increasing capability of mankind to produce
and consume data, computation on massive datasets has be-
come an indispensable element of the current technological
landscape of our society. In particular, many applications
perform analysis, data mining, and information extraction on
huge graphs that may be orders of magnitude larger than RAM.
This can mean a 2-TB graph processed on a machine with 16
GB of RAM, or a 2-PB graph split across a 1000-node cluster.
Algorithms for such problems must take into account not only
the CPU complexity, but also the cost of I/O. While small-scale
tasks can run by randomly accessing the disk to retrieve the
necessary edges, this quickly becomes prohibitively expensive,
even with SSDs, as the number of operations increases into
the trillions. As a result, massive I/O-bound jobs often have to
use sequential disk access and restrict calculations during each
pass to small neighborhoods of the currently visible nodes.

Such local computation has shown feasibility in two main
scenarios. The first one, which we call neighbor-based, col-
lects information from immediate neighbors of each node
along the directly attached links. Prime examples include
PageRank [20], [39],[62], which iteratively passes weights
among neighbors to determine the stationary distribution of
a random walker, and construction of a search index [17],
which inverts a weighted graph containing relationships be-
tween crawled pages and their keywords. After decades of re-

search, first-neighborhood problems are well-understood, both
algorithmically and theoretically, and efficiently covered by
such existing frameworks as GraphChi [47], GraphLab [54],
Graphene [52], GridGraph [79], Mosaic [55], and MapReduce
[30].

The second scenario walks to distance two from each
node, examining the various wedges (i.e., two-node paths)
in the second neighborhood of the source. This category,
which we label wedge-based, includes triangle enumeration
[23], [28], [29], [41], [63], similarity ranking [15], [33], [34],
[42], [45],[73], four-node motif discovery [6], [57], [69],
spam avoidance in web crawling [13], [27], SpGEMM sparse
matrix-matrix multiplication [18], [61], [74], [77], and various
related problems [16], [64]. In general, these algorithms are
quite expensive due to the enormous number of wedges that
participate in the computation and their tendency to scatter
across multiple partitions on disk.

The goal of this paper is to combine seemingly disjoint
problems in wedge-computing under the umbrella of a uni-
fying external-memory framework, which makes it easier to
analyze the various applications, obtain deeper generalizations
and insight, and translate new algorithms/theory into the
context of multiple research communities. To this end, we
first model wedge-based problems using a simple abstraction
and show that the underlying algorithms fall into one of three
classes, depending on the type of decomposition they admit.
In particular, Category-I problems allow two-dimensional par-
titioning of each wedge, which is a problem that already has
efficient solutions in triangle-enumeration literature [29], [63].
Assuming p is the number of partitions, m is the number
of edges, and T,, is the number of wedges in a graph with
n nodes, Category-I problems require I/O no larger than
min(T5,, /pm) [29].

Category-II problems permit only one-dimensional parti-
tioning of the wedge, which includes the majority of the
problems listed above (i.e., supporter graph ranking, 4-node
cycles, similarity calculation, recommendation systems, matrix
multiplication). While general graph libraries [47], [52], [54],
[55], [79] and MapReduce [30] can be adopted to deal
with such problems, they are vastly expensive and often
require sorting all wedges on disk. Even on relatively small
graphs, this translates into TBs and even PBs of I/O. Instead,
we propose a novel framework called Decomposable Wedge
Computing (DWC) that solves these types of problems using
min(T,,,pm) /O complexity. We derive a precise closed-
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Fig. 1. Definitions.

form I/O model for our method and show that it has linear
scaling when the expected product of in/out-degree at each
node remains O(1) as the number of nodes n — co. Finally,
problems in Category III (e.g., enumeration of 4-node cliques)
appear to be strictly more difficult and are left open for future
work.

We test our algorithms on several real graphs, which range
from 400M to 238B edges. Using RAM that is 10-100x
smaller than the graph, we obtain runtimes and total I/O that
are quite competitive against the alternatives. For example, our
implementation can process the largest graph in the dataset
(i.e., 1 TB with 7;, = 80T wedges) using 8 GB of memory
in just 31 hours. Estimates show that performing the same job
using the fastest alternative from prior work (i.e., GraphChi)
requires almost 9 months.

II. DEFINITIONS AND OBJECTIVES

There is a large body of work in big-data graph processing;
however, most of it is orthogonal to our investigation here.
The majority of prior literature assumes either that the entire
graph fits in memory [6], [22], [56] or that the problem can
be reduced to scans over the adjacency lists of the graph [47],
[55], [52], [54]. In contrast, we argue that the challenging
problems lie in external-memory wedge-based computation,
which unfortunately cannot be solved efficiently by the clas-
sical approaches. We use this section to define the specifics of
our model and propose a new taxonomy for it.

A. Wedge-Based Computation

Assume a graph G = (V, E) with a set of nodes V' and
edges E, which may be directed or undirected. Depending on
the application, the graph may additionally be weighted, where
¢y represents the value attached to edge (x,y) € E and 7,
signifies the weight given to node x € V. Define a wedge
Poye = {(2,4,2); Ory, Gyz; T2, Ty, Tz} to be a simple path
of length 2 that begins in 2z, which we call the originator,
passes through y, and terminates in z, i.e., (z,y) € F and

(y,x) € E. If no such path exists, P.,, = 0. Fig. 1(a) shows
an illustration for directed graphs.

While there are many disjoint wedges scattered across the
graph, we are interested in analyzing their collective properties
in the vicinity of each node. Specifically, suppose P, is the
set of wedges between z and z, i.e., P,p = UycyPryz. In
the example of Fig. 1(b), which is no longer weighted to
avoid clutter, this set consists of three wedges passing through
(y1,Yy2,ys). Finally, let P, = U,cy P,, be the set of wedges
that end in x, which we call a wedge neighborhood of x. In
Fig. 1(c), this set contains a total of six wedges, originating
at zq, 22, and y;.

Definition 1. Let N, be the set of neighbors of x and
f(Py,N,) be some function that operates in RAM. Then,
wedge-based computation on G is a process that evaluates
f(Py, Ny) for every z € V.

It should be noted that calculations inside f vary between
applications. They may involve counting the number origina-
tors and intermediate nodes, computing an overlap between
N, and wedge originators in P, and detecting intermediate
nodes that serve as originators for other wedges. We elaborate
on these examples next.

B. Motifs

One important area of graph mining deals with discovering
small subgraphs, often called motifs [60], that have particular
interest in various fields (e.g., biology [43], [68], cybersecurity
[38], social networks [36]). We cover two such cases here. The
first one is triangle enumeration, which is often formulated as
detecting all 3-node cycles in an undirected graph [23], [48].
To reduce CPU complexity, the graph is usually preprocessed
using an acyclic orientation, where each edge is given direction
such that the resulting digraph has no cycles [7], [71]. Assume
N, keeps in-neighbors in a separate set /N, and out-neighbors
in N; . Then, triangles enumeration at node = boils down to
finding all pairs (z,y) such that z is an in-neighbor of z and
there is a wedge (zyx), i.e.,

f(P2, No) ={(2,9) | 2 € Ny, Paya # 0} (1)

In Fig. 1(c), there are three such pairs for = — (y1,y2),
(22,v3), and (z2,y4). The second case, non-induced quad-
rangle (or 4-cycle) enumeration, identifies all nodes z in the
second neighborhood of z that contain at least two distinct
paths to z, i.e.,

If the number of paths is [P.,| = k > 2, there are (£)
quadrangles between z and x. Fig. 1(c) shows three wedges
that originate from 2, two from z,, and one from y;, which
leads to a total of 4 non-induced quadrangles at node x.

C. Supporters

Define the neighborhood function [16], [26], [64] to count
the number of nodes at distance no larger than d from z.
Intuitively, computation of this metric over all nodes requires



a d-fold self-join over the edge relation, which is usually
prohibitively expensive in external memory. However, one
particularly useful version of this metric, under the name of
supporters in the field of web ranking, spam detection, and
frontier prioritization [13], [12], [19], [27], uses d = 2 to limit
the search to the directed wedge-neighborhood of z, which as
we show below achieves more reasonable I/O bounds.

In our notation, the supporters algorithm simply obtains
the number of unique originators z for each z, except those
that are direct in-neighbors of z. This metric can be easily
generalized to collect weights 7, from each level-2 supporter.
These weights might represent the white-listed status of the
node or score from prior ranking in some iterative procedure.
With this in mind, the generalized supporter framework is
given by

Note that immediate neighbors of = are omitted since their
count and weights can be easily inflated by spammers using
collusion, e.g., link-exchange alliances [37]. Armed with a
list of weights {7}, a search engine or its web crawler can
use a scalar reducer (e.g., summation) over these weights to
arrive at the ranking/reputation score of x. Because computing
supporters still requires incredible amounts of I/O in traditional
neighbor-based frameworks, this technique has yet to be
applied to graphs bigger than RAM [13], [27].

D. Similarity Ranking

Our next application is a recommender system that main-
tains an undirected bipartite graph between users and movies,
where each edge signifies the “likes” relationship. The goal
may be for each user x to find the person with the most similar
taste. Because each wedge Py, indicates that both z and x
like movie y, this can be solved by identifying the originator
z with the largest set P,,, i.e.,

f(Py, N;) = argmax |P,,|. 4)
zeV

Alternatively, users can provide a numerical ranking of each
movie, where edge weight ¢, € [0, 1] may indicate the score
assigned by user z to movie y. Then, it might be beneficial for
x to identify the user whose average deviation in score from
its own is minimal. If z and « both ranked a given movie vy,
the corresponding wedge P, contains their scores ¢, and
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f(Py, N;) = argmin Z
#Pzatl y:’szzﬁﬁ(b

Additional examples include mining user-activity graphs at
Facebook for potential like-minded social groups and studying
academic publication graphs connecting keywords with papers
to help researchers explore related topics. This problem has
seen an abundant research effort [2], [8], [9], [15], [21], [32],
[33], [34], [35], [40], [42], [44], [45], [51], [53], [59], [73],
[75]; however, these papers usually assume the graph fits in
RAM and do not consider external-memory situations.

In terms of function f, many techniques in this field require
computing pair-wise intersections of neighbor lists N(z) N
N(z), which in our notation is P,,, for all (x, z). For example,
counting the number of common neighbors [34] reduces to
evaluating | P.,|, where the final objective might be identical
to that in (4). Discovery of nodes most similar according to
the Jaccard coefficient [9], [34], [35] can be performed using

|Pe|
IN(@)| + [N (2)] = [Pz’
where the degree of z can be included in the wedge by setting
node weight 7, = |N(z)|. Usage of edge-weighted graphs has

been explored in [32], [34], [59]. These algorithms include a
core similarity metric based on

f(Pam Nx) = argmax Z ¢zy¢yxa @)

Z:,PZI?S@ y:szu:?é@

f(Pm Nl) = argiax
zeV

(6)

which computes the product of weights within each wedge
and sums them up across all elements of P, .

Regardless of the specific f, many of these problems can be
generalized to identify the top-%k candidate nodes z for each
x. Assuming k is a small constant compared to RAM size,
keeping k£ —1 extra counters with each node = does not change
the asymptotics of I/O complexity in the studied methods.

E. Sparse Matrix Multiplication

Yet another direction is multiplication of large sparse ma-
trices A and B, where the vast majority of prior work is
limited to in-memory scenarios [11], [18], [49], [61], [74]. We
are aware of only one paper [77] that uses a hybrid method,
which keeps A (assumed to be dense) in RAM and streams
B (assumed to be sparse) from disk. In contrast, wedge-based
computing can evaluate products AB when both matrices are
sparse and larger than RAM. Matrix-matrix products compute
sums in the form of (7) for each pair of nodes (z,z), where
weights ¢, come from the graph associated with matrix A
and ¢, from that associated with B.

F. Taxonomy

We have shown several ways for utilizing wedge-
neighborhoods P, during processing of graphs. Because the
computational model of Definition 1 covers a wide range
of scenarios, it would be impossible to list all functions f
exhaustively and design a separate algorithm for each. How-
ever, there is a way to classify wedge-based computation into
three distinct families, each requiring a separate partitioning
scheme and exhibiting different I/O complexity, based on
the level of decomposition [14]they admit. In this context,
decomposition refers to breaking the problem into smaller
independent sub-problems whose solutions can be aggregated
with low complexity to yield the desired result.

Let n be the number of nodes in the graph, m be the
corresponding number of edges, 7,, be the number of wedges,
and M be RAM size. We say that function f belongs to
Category I if it can process the wedges in P, independently
of each other. The main advantage of this type of problems



is that they allow fwo-dimensional partitioning of the graph
(i.e., by both originator z and intermediate node y) without
snowballing the I/O cost. With p = m /M partitions, Category-
I problems, where triangle enumeration is the main represen-
tative, can be solved in no more than min(7,, ,/pm) /O [29].
For the example in Fig. 1(c), consider its decomposition into
four subgraphs in subfigure (d). It is not difficult to see that
function f can detect all three triangles at x by processing
each subgraph separately from the others.

Next, suppose f does not fit into Category 1. Then,
we say the function belongs to Category II if it can
operate on sets P., independently of each other. To
understand this better, consider the problem of dis-
covering undirected quadrangles (i.e., 4-cycles) involving
node x in Fig. 1(c), which contains four such motifs
(i.e., (z1y192%), (21Y2y32), (2111Y32), (22y3yax)). In the 2D-
partitioned version of Fig. 1(d), only the leftmost subgraph
contains a 4-cycle (i.e., (z1y1y22)). Thus, function f applied
independently to each subgraph would be missing three out of
the four quadrangles.

To overcome this issue, the application would need to write
all triples (x, z, |P,.|) to disk, where |P,,| is the number of
wedges between z and z, sort them, and reduce the result on
the counter field. Similarly, supporter enumeration in Fig. 1(d)
causes function f to detect each of 2, zo twice. In order to
eliminate these duplicates, which is a key feature of supporter-
based ranking that allows it to stay spam-resilient, the user
would need an external-memory sort on pairs (z, z). In the
worst case, the sort involves all 7;, tuples, which carries
some exorbitant cost. On the other hand, one-dimensional
partitioning of P, on the originator z, as illustrated in Fig.
1(e), allows discovery of the first three quadrangles in the
left subgraph and the other one in the right. For the same
reasons, similarity ranking [15], [33], [34], [42], [45], [73],
spam avoidance [13],[27], and sparse matrix multiplication
[18], [61], [74], [77] fall into Category II.

Finally, wedge-based problems that do not allow 1D wedge
decomposition belong to Category IIl. This typically means
that the entire set of wedges P, needs to be witnessed in
RAM in order for the computation to succeed. One example
would be finding 4-node cliques [6], which entails discovering
all triples of wedges (P.yz, Pzwa, waw) in the set P,, where
z € N,. The main challenge here is that 1D partitioning
may put P, and Py, into separate files, which precludes
detection of the corresponding motif. Efficient I/O in such
cases is beyond the scope of this paper.

G. Existing Approaches

External-memory algorithms in Category I are well-studied
in triangle enumeration [29], [63] and generally possess the
highest I/O efficiency because of 2D decomposition. We do
not cover them here.

For Category-II problems, the two main classes of solutions
are outlined in [27], where the goal is to count supporters (i.e.,
unique nodes at distance 2 from each x) in directed graphs.
Their first method, which we call ACC, attempts to assemble

in RAM the entire list {z : |P,;| > 0} of originators z for
each x. This is done by retaining a small portion of nodes x
with their in-neighbors y in memory and performing a scan of
the entire in-graph G~ on disk to detect y <— z relationships.
Letting X; be the out-degree of node 7 and Y its in-degree,
the 1/0 cost of ACC is [27]

m? E[Q;]
CMACC):]Z(L+EBH), ®)

where (); is the number of level-2 supporters at node i. Besides
a huge multiplier E[Q;] to the quadratic term m?, this method
equires that max; Q; < M, a hefty constraint by itself.

The second approach in [27] adopts the MapReduce route.
For each node y, it reads the in-list N~ (y) and out-list N*(y)
concurrently from in/out graphs, emitting all pairs (x, z) from
the Cartesian product N*(y) x N~ (y). The reduce phase sorts
pairs using x as the key and counts the number of unique
supporters z. This method initially writes T,, = >, X,Y; pairs
to disk and requires multiple merge passes during external-
memory sorting. Its total I/O cost is

T

ea(MR) = T, + Ty log, (), ©)
assuming an s-way merge of sorted blocks. In practice,
duplicate pairs (x,z) can be eliminated during each merge
phase and the I/O may be slightly better than (9), although
the asymptotics remain the same as m — oo. While writing
all wedges to disk and then sorting them may seem inefficient,
this approach has received interest even for simpler tasks (e.g.,
triangle enumeration [25], [66]).

Perhaps a more straightforward application of MapReduce
to Category-II problems is to apply a general-purpose sort
library (e.g., Hadoop [10], STXXL [31]) directly to T,, key-
value pairs. While there are other ways to accomplish this
task — table joins in databases [3], [58], [67], [70], [72]
and dedicated graph libraries [47], [55], [79] — we consider
them to also fall under the MapReduce umbrella because they
essentially require sorting/merging/grouping 7, items on disk.

In real graphs, where the in/out degree is highly correlated
and heavy-tailed, the I/O complexity in (8)-(9) can be quite
dramatic (i.e., 3-5 orders of magnitude larger than G depend-
ing on RAM size). For example, the 14-GB webgraph in [27]
requires sorting 49 TB in a system with 8 GB of RAM. As
an alternative, it might be tempting to give up sequential I/O
and engage SSDs in retrieving random wedges from disk;
however, that same graph now requires 1.8B seeks and 24
TB of 1/0, which are not negligible either. Thus, our aim is to
understand whether Category-1I problems can be solved with
lower overhead, model their CPU and I/O cost, and compare
our methods against alternatives from prior work.

III. DECOMPOSABLE WEDGE COMPUTING (DWC)

This section introduces our approach for solving Category-
IT wedge problems using external memory.
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Fig. 2. Partitioning options.

A. Setup

For an algorithm A, define ¢, (A) to be its I/O complexity,
which is the number of edges exchanged with the disk (i.e.,
read or written during the execution). Unlike the classical I/O
model of [5], which counts the number of transfers using
block size B, all studied algorithms assume streaming (i.e.,
sequential) access to disk. Thus B is no longer necessary;
instead, the I/O-related runtime is fully determined by ¢, (A)
and the sequential read/write speed of the disk [65].

To avoid carrying edge weights ¢., and node weights 7,
in all formulas and algorithms, we first make a note that
inclusion of (¢,,,7,) increases the size of each edge three-
fold, but does not change their number. Similarly, techniques
that solve wedge-related problems in directed graphs can be
easily adopted to undirected cases, i.e., by replacing each edge
(z,y) with a directed pair x — y and y — x. As a result,
we omit weights in the discussion below and only focus on
directed graphs, where wedges in P, are assumed to have a
fixed orientation z — y — x (see Fig. 1).

Let the input consist of an out-graph Gt = (V, E™), where
n = |V is the number of nodes and m = |E™| is the number
of edges. Additionally, assume existence of an inverted version
G~ = (V, E7) that contains the corresponding in-edges. As
before, suppose N;’ represents the adjacency list of 4 in G,
i.e., its out-neighbors, and IV, serves the same purpose in G~
We assume that source nodes and neighbor lists are stored in
ascending order of IDs, which for performance reasons are
relabeled into a compact range 0 to n — 1. Finally, we use
X; = |N;"| to represent the out-degree, Y; = |N; | the in-
degree, and d; = X; + Y; the total degree of node i.

B. Fartitioning

We next introduce our first framework, which we call
DWC,, for handling Category-II problems in external memory.
Recall that these problems require that all wedges in P,,, i.e.,
between nodes z and z, be visible in RAM simultaneously.
To make the computation feasible with restricted RAM, the
original graph must be chunked into smaller units that allow
retracing of all wedges in P,,. Since a subgraph can guarantee
visibility of only the edges adjacent to either z or z, it must
be combined with streaming passes over additional graph data
that brings the missing edges into RAM. We deal with these
issues in the rest of the section.

Algorithm 1: Partitioning in DWC1-A

while leof(GT) do
load next neighbor list (y, N;') from G+
forr = 1topdo
NS (r) =N NV,
if NS (r) # 0 then
| write (y, Nj (r) to G

=T R SRV I SR

Algorithm 2: Partitioning in DWC;-B

while leof(G~) do
load next neighbor list (y, N, ) from G~
for r = 1to pdo
Ny (r) =Ny NV,
if Ny (r) # 0 then
| write (y, Ny (r) to Gi

1

2
3
4
5
6

Assume a partitioning scheme on V' that splits the nodes
into p > 1 pair-wise non-overlapping sets V1, ..., V), where
U;V; =V, and let M be the size of RAM in edges. As in [28],
there are two options for splitting the graph, i.e., along either
the destination or source node of each directed edge. In the
former case, which we call Method A, we partition GT into p
subgraphs G, ..., Gz‘f such that an edge y — x belongs to
Gj.’ iff x € V,.. In the latter case, which we call Method B, we
split G~ into G, ..., G, such that y < z belongs to G, iff
z € V... This is shown in Fig. 2 and Algorithms 1-2.

In order to achieve the best I/O performance, i.e., the lowest
p = m/M, the subgraphs must be load-balanced to the size of
RAM. This requires setting up boundaries ay, . .., a,41, where
a1 = 1 and ap41 = n+1, such that node 7 belongs to partition
Vi iff a, < i < a,41. In Method A, this is accomplished using

arqy1—1
Y Yi=M (10)
i=a,
and in Method B using
arqp1—1
Y Xi=M. (11)
i=a,

Deciding partition boundaries requires one scan over the
degree sequence, which has negligible I/O cost, i.e., n. Also
note the implicit constraints max; Y; < M for Method A and
max; X; < M for Method B. On real graphs, where the largest
in-degree is often much higher than the largest out-degree,
Method B is less restrictive.

C. Computation

Algorithm 3 shows the logic behind DWC;-A’s operation.
For each partition r € [1,p], Line 1 initializes an array v of
output values, one for each unique z € V,.. In Lines 3-4, the
method loads the corresponding partition G, into RAM and
sets up a hash table that maps each node y to its partial out-
list N,f(r). As a result of this operation, the hash table H
contains all relationships y — x for = € V... The algorithm
then proceeds to scan the entire out-graph G to discover the
missing edges z — y (Lines 5-6). For a given z, it is possible



Algorithm 3: Wedge computing under type-A partitioning

Algorithm 4: Wedge computing under type-B partitioning

1 for » = 1 to p do « iterate over all partitions
v = array of |V,| zeros < initialize output values
load Gt = {(y, N;f (+))} into RAM
H = hash table built from Gt « maps nodes y to out-lists
while leof(GT) do
load next neighbor list (z, N37) from G+
for all z reachable in two hops from z using H do
construct (P, N; ) from (z, NI, H)
vz — ar] = h(v[z — ar], f(Pzz, Nz ))
for all v[i] # 0 do
| append (i + ar,v[i]) to file Fout
set file pointer in G to the start

© ® N U B WL R

< reducer

-3

)

1 for » = 1 to p do « iterate over all partitions
load G, = {(y, Ny (r))} into RAM
H = hash table built from G- < maps nodes y to in-lists
while leof(G~) do
load next neighbor list (x, N, ) from G~
v=20 < initialize output value for z
for all z reachable in two hops from z using H do
construct P, from (z, N, , H)
v = h(v, f(pzmv N;))
if v # 0 then
| append (z,v) to file Fout(r)
set file pointer in G~ to the start

© ® N ;B W

< reducer

-3

)

to identify all targets x reachable in two hops via H, construct
a pair of sets (P, N, ), invoke the user-provided function f
to perform the desired calculation, and use a reducer function
h to accumulate the result across different z (Lines 8-9).

Note that z — a, specifies the sequence number of z within
partition 7, which we use as an index into array v. Applying the
user-provided reducer function i in Line 9 updates v[z — a,]
as many times as there are unique nodes z that can reach z at
distance two. After the scan of G1 reaches the end, all non-
zero values in v, together with the corresponding node IDs,
are saved to disk, which is done by appending them to some
file F,,:. Because all wedges P,, for x € V, are witnessed
during processing of partition r, nodes x appearing in F,,,
are both unique and sorted in ascending order.

The main caveat of DWC;-A is that (10) needs to allow for
counter values v when selecting partition boundaries. If the
result of function A has size k; for node 7, boundaries can be
computed using

(l,«+171

ST (YVitk) =M,

1=,

12)

which does not change the rest of the algorithm. This carries
low cost when h is a) scalar (e.g., summation or max) or
b) limited to storing the top-k result from some calculation,
where k is small compared to the average degree. However, if
merge function h needs to accumulate large lists of values, e.g.,
all unique supporters z, the overhead of v may be substantial.

We next examine how DWC;-B overcomes this problem. Its
logic is illustrated in Algorithm 4, which is pretty similar to
the one just discussed, except there is an important difference
in how v is created. Because wedge traversals begins with
x rather than z, all sets P,, for different z are available to
DWC;-B back-to-back (Lines 6-9). Therefore, v is no longer
an array, but rather a single entity. After applying all needed
reducer operations to v, its value can be immediately saved to
disk in Line 11. As a result, boundary calculation in (11) is
still correct, which means that I/O performance of Algorithm 4
does not depend on the size of values producer by h. However,
since the same = may be seen in multiple partitions, the result
(z,v) must be written into a separate file F,,(r) for each r
and later merged. Because the output files contain nodes z in
ascending order, the merge operation requires sequential scans

of total size 7(p) = > °_, |Fout(r)|, i.e., no additional sorting.

We put bounds on this cost below.
D. I/O Analysis

For the results that follow, assume that value size k; attached
to node ¢ is independent of the node’s in-degree Y;. Taking into
account our discussion earlier in the section, where DWC;-A
uses an updated model (12) and DWC;-B requires a merge at
the end, yields the following result.

Theorem 1. DWCi-A needs at least p = (m + Elk;In)/M
partitions and has total I/O

Elki] )7 (13)

m2
en(1A) = 7(1 + X

M

where E[X;] = m/n is the average degree of the graph.
DWC;-B needs at least p = m/M partitions and 1/O

m2

Cn(lB) = ﬁ’

plus an additional 7(p) to merge the output files.

(14)

Proof. Re-writing (12) and taking a summation over all r

S (Wit ki) = pM.

5)
r=14€V,
Splitting the sums produces
P
m+ YY" ki =m+nE[k] = pM, (16)

r=14ieV,

from which it follows that p = (m + E[k;]n)/M. Because
DWC;-A reads the graph p times, its total cost is pm, which
is given by (13).

On the other hand, SNF-B can use p = m/M partitions,
which follows from (11), and achieve runtime complexity
pm = m?/M. Adding the merge overhead yields (14). O

To decide which method A or B is better, we need to analyze
the merge overhead, whose upper bound is derived next.

Theorem 2. The 1I/O merge cost in DWC1-B is bounded by

(p) < mE[k;] min(l, %) (17)



Algorithm 5: Partitioning in DWCa-A

Algorithm 6: Partitioning in DWC2-B

1 while leof(GT) and leof(G~) do

2 load list (y, N,) from G* and (y, N,) from G~
3 forr =1topdo

, N () = N AV

5 if Njf (r) # 0 and N, # 0 then
6 write (y, N, (1)) to GiF
7 write (y, Ny ) to Sy
8 for r = 1to pdo

9

| st-

InvertGraph (S;)

1 while leof(GT) and leof(G~) do
2 load list (y, N,) from G+ and (y, N,) from G~
3 forr = 1topdo

4 Ny (r) =Ny NV,

5 if N, () # 0 and N, # 0 then

6 write (y, Ny (1)) to G-

7 write (y, N*) to S;F

8 for r = 1to pdo

9

| s

= InvertGraph (S;)

Proof. Assume that Algorithm 4 writes k;(r) values for node
¢ in partition r. This might be smaller than k; because an
insufficient number of supporters z was found in the partition.
Then, we get that

-3 3 ko

i=1r=1

<Y kimin(Y;,p)  (18)
i=1

since node ¢ cannot appear in more than min(Y;, p) partitions.
We therefore get two upper bounds out of (19). First, using

the fact that k; and Y; are independent,

7(p) < ZkiYi = mE[k;]

(19)
i=1
and
" E k;
Z _ mnElk] (20)
Combining the two cases, we obtain (17). O

It is now easy to see that DWC;-B is always no worse
than DWC;-A, making it a winner in this comparison. In fact,
when E[k;] < max(F[d;], m/M), the cost of the final merge
using reducer h is asymptotically no different from that of
Algorithm 4, which satisfies the decomposability conditions
introduced earlier.

E. Improvements

As the graph gets larger, DWC;’s quadratic I/O and hash-
table lookup complexity may eventually become a bottleneck.
In order to achieve more efficient external-memory operation,
our next algorithm for graph partitioning, which we call
DWC,, couples each subgraph with an auxiliary file that
contains only the edges relevant to that partition. This is
illustrated in Algorithm 5 for DWCs-A. The process begins by
sequentially reading both G+ and G~ to discover nodes ¥ that
have non-zero in/out degree. This works because both graphs
are sorted by y. For those nodes that have at least one out-
neighbor 2 € N,/ (r) from partition 7, we store the relevant
portion of N5 into subgraph G}, which is the same as before,
but addltlonally write the entire vector of in-neighbors into an
auxiliary stream file S- (Line 7).

Note that S, almost certainly cannot fit in RAM, which
requires the application to sequentially load its edges from
disk. Because nodes z are now scattered in random locations
throughout 5,7, construction of sets P,, becomes difficult.

As a result, Algorithm 5 has to invert each auxiliary graph
in Line 9 before it becomes usable. Now, armed with pairs
(G}, S}), we can invoke Algorithm 3, where Lines 5-6 are
modified to read from S, instead of G, to accomplish the
same functionality, i.e., wedge-based computing on the entire
graph. The rest of the operations remain identical. Algorithm
6 shows partitioning for DWCs-B, which is similar, except it
flips the in/out relationships on all edges and calls Algorithm
4 to perform the computation.

We keep in mind that DWCy-B still has a separate merge
overhead 7(p) from (17) and now focus on the cost to run the
main portion of Algorithms 3-4. Define p;r to be the number
of partitions into which the out-neighbors of y are split and
let p,, measure the same for the in-neighbors. Further recall
that T,, = Y, X;Y; is the number of wedges in the graph.

Theorem 3. The I/0 of DWCs-A is given by

cn(24) Zp+Y < me WP (21)
and that of DWCs-B by
B)=> p; X; <> min(Y;,p)X;,  (22)
1=1 =1

where both formulas are no larger than min(T,,, m?/M).

If E[X,Y;] stays bounded as m — oo, both methods
produce I/O that is a linear function of m. The upper bound
at the end of Theorem 3 also shows that DWC, is at least as
good as its DWC; counterpart, which holds for all graphs and
all memory sizes M. While it might be tempting to dismiss
DWC; from future consideration, it is possible to encounter
situations where the preprocessing delay to invert auxiliary
files is undesirable, in which case DWC; might still be a viable
candidate.

Although it is difficult to further simplify the result of
Theorem 3 without access to the specific graph and its node-
ID assignment, we can derive the expected I/O cost assuming
the in/out degree sequence is known.



Theorem 4. Assume a random assignment of node labels and
let € = 1/p. Then, the expected amount of I/O in DWCs is

Z)ZE: [(1—(1—¢)

pz [(1-(1-eY)Xy].

Proof. We focus only on DWC»-B since DWCs-A is symmet-
ric (i.e., replaces X; with Y; and vice versa). The objective
is to derive the following expectation, where we explicitly
condition on Y; to show that p; depends on it

ZEpZ Vi X,

where p;” is a random variable that depends on assignment
of nodes to partitions. Let C;; be the partition of the j-th in-
neighbor of node i. When averaging over all shuffles of IDs,
it follows that each neighbor has the same probability e = 1/p
to be from any of the partitions, i.e., forall r =1,...,p

P(Cij:T):G

Elcn(2A)] XY (23)

Elc,(2B)] 4)

E[c,(2B)] 25)

(26)
Next, define B;, to be the number of ¢’s in-neighbors from

partition 7, i.e.,

27)

Y;
BiT = E ]-Cij:r-
J=1

Counting the number of partitions for which ¢ has at least
one in-neighbor yields

(28)

p
= E 1p,, >1.
r=1

Assuming a large-enough number of colors and a suffi-
ciently large graph, B;, can be viewed as binomial. Therefore,

P(Biy > 1|Y;) =1— (1 —¢)" (29)

and
Elp; Vil =p(1 = (1—¢)"). (30)
Combining with (25), we get (24). O]

In some cases, Theorem 4 may be sufficient to make a
choice between DWC5-A/B, but oftentimes their I/O differs
only by a small amount. We therefore have to consider other
factors (e.g., CPU cost, speed of update operations) to decide
which one to use. This is our next topic.

FE. In-Memory Complexity

The CPU cost of introduced algorithms depends on two
metrics — the number of wedges 7;, visited during execution
and the number of hash-table lookups /,, in H. The latter value
is determined by the volume of attempted hits on y € N in
Algorithm 3 and y € N in Algorithm 4. Note that depending
on how sparse the graph is, it is possible for either /,, or T},
to dominate the other. The next result shows that Algorithms

3-4 visit each wedge exactly once regardless of how many
partitions there are, but the number of lookups grows with p.

Theorem 5. All methods introduced in the paper require T,
wedge traversals and c,, lookups in the hash table. Further-
more, the expected size of the hash table in Algorithm 3 is

n

D -(1=0¥] (31)
i=1

and that in Algorithm 4
> - (1-a¥l. (32)

i=1

Since this result shows that [,, = ¢,,, the lower I/O volume in
DWC5, also helps it reduce the CPU cost compared to DWCy,
i.e., usage of auxiliary files has multi-faceted benefits. A more
subtle issue arises in the updates to counters performed by
the user-supplied functions (f,h), which in many cases is
sensitive to the direction from which z is approached. In type-
A partitioning, we follow edges starting from z and increment
counters of x at dispersed locations throughout memory. On
the other hand, type-B partitioning starts from = and collects
all updates to its value counter in one variable that stays in L1
cache. This can be seen by comparing Line 9 of Algorithms 3-
4. As a result, even if both methods perform a similar amount
of instructions, B usually has them running a lot faster.

IV. AsYMPTOTIC COST OF I/0

While Theorem 3 shows trivial bounds for DWC,, it is
beneficial to understand the growth rate of (21)-(22) in more
tangible terms. For example, are these bounds tight? How fast
can 7, grow in the best/worst case? How much better is DWC,
compared to DWC;?

A. Growth Rates

Our analysis will focus on the asymptotic behavior of cost
as n — oo. To this end, define the power-law scaling rate of
a function ¢,, as

log ¢,

v(en) = lim (33)

n—oo logn

For example, ¢, = 3n?/log(n) has scaling rate 2. Assume
the average degree d = m/n scales at rate v(d) = a € [0, 1].
Note that a covers a wide range of graphs, where 0 represents
sparse cases (e.g., constant average degree) and 1 means dense
(e.g., complete graphs). Suppose the available memory scales
as y(M) = r, where r € [a,1 + a]. We need r > a to fit the
largest degree in RAM, which is a requirement for (10)-(11).
To put these definitions to use, notice that v(m) = 1+ a and
the scaling rate for DWC;-A/B is

y(m? /M) = 2+ 2a — . (34)

The next challenge is to determine (7},), which is nec-
essary for understanding the number of wedges witnessed
by all studied algorithms and the amount of I/O in DWCs.
Our approach is to construct directed graphs with the highest



possible T;, for a given pair of (a,r) and then show that such
graphs have I/O in (21)-(22) that scales at the same rate as
T,, i.e., that the bound is tight.

B. Adversarial Degree Sequences

To determine the properties of 7, = Y ., X,Y;, we first
phrase the problem as finding two non-negative vectors u =
(u1,...,un) and v = (v1,...,v,), Where >, u; = Y . v; =
m is fixed, such that their dot-product is maximized. For the
problem to be interesting, we additionally impose a constraint
u; < U and v; < U for all 4, where U is an upper bound
on the degree. For now, we abstract away the fact that these
sequences have to be digraphic (i.e., be realizable by a directed
graph), but return to this issue later.

Our first step is to understand how to obtain u that maxi-
mizes Y, u?. For this, we need the following definition.

Definition 2. Assume two vectors u and v are sorted in

descending order to obtain vectors U’ and v'. Then, u is

said to majorize v, which is written as u > v, if for all

k=1,...,n the prefix sum of the first k elements in 0 is no
. / . k / k /

smaller than that in V', i.e, Y . ju; > " | vl

An important property of majorization is that u > v implies
F(u) > F(v) for all Schur-convex functions F'. A special case
of this result is stated in the next lemma.

Lemma 1. If u > v, then Y u? > > v2.

Therefore, the largest sum of squares is attained by the
vector u* that majorizes all other vectors, which can be
constructed by setting k = |m/U| largest values to U, the
next one to m (mod U), and filling the remaining values with
zeros. Note that u* is unique. Armed with this result, we next
show that the worst-case degree sequence has to use vector
u* for both in/out degree sequence.

Lemma 2. The maximum sum Z;L:l u;v; is achieved by
setting u = v = u*.

Proof. We prove this by contradiction. Suppose there exists a
pair of vectors u, v such that their """ w;v; > Y0 (uf)?.
Now define another vector w, where w; = \/u;v;. Since we
know that u* > w, it must be that Y " | (uf)? > > w2,
which contradicts the assumption we just made. O

We thus obtain that T}, cannot be larger than kU? = mU for
any pair of sequences {X;},{Y;}. Since the largest degree in
a graph suitable for external-memory wedge computing must
satisfy U < min(n — 1, M), we obtain that

v(T,,) <14 a+ min(r, 1). (35)

However, this does not mean there exists a graph that
realizes this bound. Our next result sheds light on this issue.

Theorem 6. For any w € [0,1 + a + min(r, 1)], there exists
a directed graph that achieves v(T),) = w.

Proof. We modify the optimal sequence u* constructed earlier
to include n — k£ nodes with in/out degree equal to some

value L > 0 (instead of zero). We first create an adversarial

(worst-case) graph. The edge process links the top-k nodes

in a complete graph, which satisfies k? edges. However, the

remaining kU — k? edges must be thrown towards the small-

degree nodes. Thus, their total degree (n — k)L must be

sufficient to support k(U — k) incoming edges. This results
in(n—k)L=EkU —k), or

k(U —k)

L= T

We now determine k. Note that this requires solving a

quadratic equation

(36)

kU + (n — k)L = m, (37)

which can be simplified by raising L to kU/(n — k). This
makes the graph less dense, but nevertheless allows us to
achieve the upper bound in (35). We thus get

kU + kU = m, (38)

from which k = m/(2U). As a result, T,, > kU? = mU/2
and v(T},) > 14 a + min(r, 1). Since this matches the upper
bound, it follows that the omitted terms related to L cannot
affect the asymptotics of T,.

Next, by increasing L towards the average degree m/n
allows us to achieve a full spectrum between the upper bound
(35) and d-regular graphs with (7,,) = 1 + 2a. It should
also be noted that (35) cannot be smaller than 1 + 2a since
U > a must hold, i.e., the largest degree is no smaller than
the average. We omitted explicit restriction on U since r > a
already guarantees that min(1,7) > a.

To construct examples with v(T},) < 1 + 2a, we turn to
bipartite graphs. We split the nodes in half and direct edges
from each node in the first set S; to random nodes in the other
set So. This trivially results in X;Y; = 0 for all ¢, which makes
T,, = 0 as well. To achieve a flexible number of wedges, we
can assign custom degree and flip the direction of edges on
k special nodes in S;. The goal is to give them a desired
product X;Y; ~ n®, where b € [0, 2a]. This produces (7},) =
~(k) +b. By varying k and b, we can achieve any scaling rate
in [0,1 + 2a]. O

C. I/O Complexity Revisited

We now come back to the issue of deducing the scaling
rate of the actual I/O from (21)-(22). While we know from
Theorem 6 that T;, = Zl XY, can achieve the upper bound
(35), our next result shows that I/O cost ¢, hits the same
worst-case performance in adversarial graphs. Not only that,
but there are cases that reach the other upper bound m?/M
as well.

Theorem 7. The scaling rate of DWCs I/O is tightly upper-

bounded by
min(1 + a 4+ min(r,1),2 + 2a — r). (39)

Proof. We show that for every combination of (a,r) there
exists a graph whose I/O is asymptotically equal to the upper



bound min(y(7T},),v(m?/M)). We start with the adversarial
graph from Theorem 6, where we have two choices. The first
one is the rate at which p grows exceeds that of U, which is
equivalent to 1 +a — r > min(1, 7). In this case, the number
of partitions per node’s degree tends to infinity, which means
there will be at most U copies of the each node’s list in the
auxiliary file. This is equivalent to min(X;, p) and min(Y;, p)
in (21)-(22) both resolving in favor of the degree. As a result,
the total I/O rate tends to that of v(T,). On the other hand,
when 14+a—r < min(1, r), there are infinitely many neighbors
compared to the number of partitions. This can be viewed as
both min functions resolving in favor of p, which makes the
total /O cost equal to m?/M. We thus get that the scaling
rate of DWC; on adversarial graphs is given by

1+ a+min(r,1) 14a—7r>min(l,7r) 40)
2+ 2a—7r otherwise '
Combining the two cases, we get (39). O

To put this in perspective to related work, we have the next
result.

Theorem 8. The scaling rate of ACC I/O is contained in the
range [2+2a—r, 24+2a—r+min(r, 1)] and that of MapReduce
equals v(T,).

Proof. For ACC, the number of supporters in the graph ranges
from O to T},, which constrains E[Q;] to the range [0, T, /n].
This leads to

E[Q]

7 E[Y)]

which coupled with (34) and (35) produces the stated range.
The result for MapReduce directly follows from (9). O

) €10,4(T) —1-al, (1)

While (9) scales better than (8), MapReduce often requires
a huge amount of disk space to store all 7;, wedges. In cases
when insufficient resources exist, the read-only approach of
ACC may be the only viable solution from prior work. The
same dichotomy exists between DWC; and DWC,, except the
amount of data in auxiliary stream files is much less than 7},
in practical situations.

D. Discussion

We now provide a graphical illustration of the results
derived in this section. Fig. 3(a) begins with ACC, where
the z-axis shows the scaling rate » of RAM as n — oo,
which ranges from a to 1 + a, and the y-axis displays the
growth rate of I/O. The lower bound of ACC is a dashed
line BI, which is the m?2 /M best-case scenario where the
average number of supporters per node F[Q;] is negligible.
Predictably, as r increases (i.e., more RAM is available),
the dashed line decreases. However, the upper bound AFH
depends on the graph structure rather than RAM and in certain
portions (segment AF) remains constant.

In Fig. 3(b), MapReduce begins at 1 + 2a (point C) and
monotonically increases towards 2 + a (point G). This can
be explained by the fact that bigger memory size M allows
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Fig. 3. Scaling rates.

adversarial graphs with larger maximum degree U, which in
turn increases 7;,. Interestingly, there is a regime contained
inside the convex hull of points EGHI, where it is possible
for ACC to beat MapReduce. This corresponds to relatively
large memory scenarios with r > (1 + a)/2. For example, in
sparse graphs with constant average degree (i.e., a = 0), this
means M grows at least as fast as y/n. In these cases, ACC
can exhibit I/O cost that is O(n) better (i.e., where r is close
to 1 4+ a and almost the entire graph fits in RAM). On the
opposite end of the spectrum, where r = a is the smallest
possible, MapReduce wins by at least a factor of n!~?.

Fig. 3(c) models the cost of DWC;. Unlike the pentagons
we saw in the previous two cases, where the specific graph
determines which internal point is realized in practice, the I/O
here is limited to a single line. In the worst case, i.e., r =
a = 1 in complete graphs, DWC; has cubic I/O complexity
(point B). While it is trivially no worse than ACC for all
graphs and memory configurations, it is sometimes inferior to
MapReduce, i.e., for » < (1 + a)/2. Thus, there is no clear
winner among the first three approaches.

This is solved in Fig. 3(d), which shows the result for
DWC,. This is also a pentagon, but this time its upper bound
lies entirely below the curves of the other methods. The largest
advantage of DWCs over DWC; emerges at » = a = 0 (point
C), where the difference is by a factor of n. This corresponds
to sparse graphs being processed on machines with small RAM
size compared to m. Given that large social and Internet graphs
have trillions of edges and average degree below 100, they
match the best-case scenario for DWCs.

Fig. 4 demonstrates accuracy of our asymptotic models.
In part (a), we scale the average degree as O(n%*) and
allow ©(y/n) memory. We construct adversarial graphs from
Theorem 6 and run Algorithm 4 on them, which produces the
actual I/O c,. We then fit a power function to these curves
to determine the scaling rate. As shown in the figure, both
functions follow closely the predicted rates n?-® and n'. Fig.
4(b) illustrates a scenario with the average degree ©(n%3)
and memory size O(n'!), where MapReduce uses 10-way
merging in (9). The extra log term brings its rate to n234



TABLE I
DIRECTED GRAPH PROPERTIES

Name  Graph Nodes n Edges m Degree  Size (GB)  Wedges T\, = Zl X;Y; max; Y; max; X;
D1 ClueWeb-domain 30,558,375 415,167,456 13.6 1.7 4,240,567,641,185 1,034,416 2,360,978
Do ClueWeb-host 110,675,107 1,064,508,293 9.6 4.5 1,404,873,157,927 2,326,861 855,063
D3 ClueWeb-page 2,570,747,470 49,902,497,310 19.4 199.0 2,889,895,321,002 44,410,991 12,571
Dy IRLbot-domain 86,534,418 1,799,516,827 20.8 71 3,073,393,262,407 2,947,630 1,496,324
Ds  IRLbot-host 641,982,060 6,752,615,553 10.5 27.9 2,704,210,948,405 5,475,224 1,333,966
D IRLbot-page 4,051,690,819  238,194,440,791 58.8 916.2 79,864,490,755,128 129,744,852 65,527

<108 <108 TABLE II
15 25 SUPPORTERS: ACCURACY OF STOCHASTIC MODELS ON Dy

— -=-DWC-1B 2.296 — —#-MapReduce 2.342

S10 2 p DWCaz-A (B edges) DWCa2-B (B edges)

2 215 Actual (23) Error Actual 24 Error

2 2, 1 15 1.5 0.00% 1.8 1.8 0.00%

25 < 8 10.2 10.2 —0.01% 12.3 12.3  0.00%

Q Qos 64 | 615 615 —0.02% 68.8 688 0.01%

0 ) 0 ) 512 290.3  291.0 0.22% 2772  277.8 0.25%
2 4 6 8 10 2 4 6 8 10
n (million) n (million)

(@) a=04,r=0.5 (b)) a=03,r=1.1

Fig. 4. Actual I/O ¢, on adversarial graphs with curve-fitted scaling rates.

instead of the predicted n?3. DWC5-B is expected to increase
I/O as n'5, but n is not large enough to complete the switch
to m?/M asymptotics, so the result comes out slightly better.

V. EXPERIMENTS

In this section, we build an implementation of our tech-
niques and examine its performance on real graphs. Bench-
marks are performed on a machine with an 8-core Intel i7-
7820X @ 4.7 GHz, 32 GB of DDR4-3000 quad-channel mem-
ory, and a 200-TB file system with 24 magnetic hard drives (8
TB Hitachi Ultrastar) driven by two Areca 1882ix controllers
in RAID-50. We conduct experiments using two applications
from Section II — counting supporters and enumerating 4-
cycles.

A. Directed Graphs

Our first evaluation involves the supporter-based ranking
problem [27], which counts the number of unique nodes at
distance two from each source x along the in-edges, excluding
direct in-neighbors. In our earlier notation, this maps to
problem (3), where 7, = 1 and the reducer function is a sum-
mation.In the example of Fig. 1(c), we have f(P,, N,) =1
since only node z; is a true supporter of x (2o and y; are
direct neighbors). The output of the program is a list of tuples
{z, f(Pz, N;)}, ordered by x. Note that other Category-II
problems will exhibit similar amounts of I/O in terms of edges,
but their runtime may vary depending on the complexity of
target function f.

For the supporter problem, we use six directed graphs whose
properties are outlined in Table I. The first three are built by
parsing HTML from the ClueWeb 2009 crawl [24], producing
a 199-GB page-level dataset D3 with 2.5B nodes, 49B edges,
average degree 19.4, and 2.9T wedges. Condensing this graph
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at the host level (110M nodes) and domain level (30M nodes)
produces the first two rows in the table. Even though these are
much smaller graphs, the number of wedges in D; and D5 is
comparable to that in Ds. This can be explained by their much
denser wedge structure.

The second half of Table I uses the 2007 IRLbot crawl
[50]. Because the full graph contains over 41B nodes and
thus requires 8-byte labels, we truncate it by dropping low-
degree nodes, which allows our code to process all six graphs
using 4-byte node IDs. The resulting graph Dg has 238B
edges, 4B nodes, 80T directed wedges, and occupies almost
a terabyte. Note that its largest in-degree max; Y; shown in
the table (i.e., 129M) constrains type-A partitioning to no
less than 520 MB of RAM. Type-B, on the other hand, can
process this graph with just 250 KB of memory due to the
much smaller maximum out-degree. From Dg, we obtain the
condensed domain/host graphs Dy — Ds.

B. Scaling Rates of 1/0

We begin with evaluating the four baseline algorithms for
counting supporters — ACC [27], MapReduce [27], DWCy, and
DWC,; — whose models of I/O are well-understood. Specifi-
cally, ACC uses (8), MapReduce sorts T, wedges (z,x) of 8
bytes each in (9), DWC; employs the result of Theorems 1-2,
and DWC, relies on the closed-form derivation in Theorem 4.
Models for the first three methods are exact and do not require
accuracy verification. Even though the fourth model provides
expected cost, i.e., averaged over all assignments of node IDs,
its estimates on a single graph instance are usually spot on.
This is shown in Table II using DWC,-A/B on D4, where
(23)-(24) indeed produce negligible error. Unlike Theorem 3,
which requires creation of all p partitions, results (23)-(24)
operate with just the in/out degree sequence. This line of
modeling allows a low-overhead comparison between DWCs-
A/B, estimation of the total I/O cost, and even prediction of
the hash-table size in Theorem 5.

Armed with these models, Table III compares the scaling



TABLE III
SUPPORTERS: MODEL 1/0 (TB) ON D5

RAM ACC  MapReduce DWC; DWC2-A DWC2-B
8 GB 13 157 0.10 0.06 0.08
2 GB 53 197 0.35 0.18 0.23
512 MB 214 197 1.33 0.56 0.64
128 MB 857 235 5.33 1.49 1.64
32MB 3,430 235 21.25 3.36 3.60
TABLE IV
SUPPORTERS: MODEL I/0 (TB) ON Dg
RAM ACC MapReduce DWC, DWC2-A DWCs-B
64 GB 150 4,649 13.1 8.1 5.5
16 GB 598 5,811 52.4 20.2 12.5
8 GB 1,168 5,811 101.3 28.2 18.3
4 GB 2,394 6,973 207.4 38.1 27.2
1 GB 9,351 6,973 805.9 60.4 52.2
512 MB 18,415 8,135 1,588.6 72.1 66.5

rate of the four methods using D5. ACC begins at a reasonable
13 TB in the first row, but then skyrockets all the way to 3.4
PB as memory pressure takes its toll. MapReduce, which uses
Hadoop’s default 10-way merge and requires sorting 19.7 TB
of data, behaves the opposite. Taking into account its multi-
pass merge cost, it starts at an astronomical 157 TB at M = 8
GB, but then scales much slower than ACC, finishing at only
235 TB. Another concern with MapReduce is the hefty CPU
effort needed to sort and merge this amount of data, as well
as the non-trivial HDD space to store intermediate files.

DWC,, where we omit specifying A/B as both version post
essentially the same numbers, is quite efficient with M = 8§
GB in the first row of the table, completing the task with just
100 GB of read-only traffic, i.e., 2-4 orders of magnitude better
than ACC/MapReduce. While DWC,-A/B beat this number,
their advantage over DWC; becomes more clear as RAM
size shrinks. The gap between the two versions grows as we
progress down the table, where DWCs eventually ends up with
~3.5 TB of 1/O in the bottom row, which is 6x lower than
DWC;. The final observation is that between the two DWC,
options, method A wins by 5-33% on this graph.

Moving on to our largest graph Dg, Table IV shows that
ACC now begins at 150 TB and reaches a whopping 18 PB
in the last row. MapReduce needs to sort 581 TB of wedges,
which exceeds our file system size, and requires over 4.6 TB
of I/O even for the largest memory size. In the next column,
DWC; again exhibits poor scaling characteristics, starting off
with a decent 13 TB, but then finishing with an enormous 1.6
PB, the latter of which is 22 x less efficient than DWC; in the
next two columns. As M — 0, both DWCs methods perform
quite well, increasing I/O from 5-8 TB to around 70, which
corresponds to a sublinear trend 1/M% rather than inverse
linear 1/M inherent to ACC and DWC;. Also note that the
relationship between DWC,-A/B is now flipped, where B is
up to 60% better in certain rows.
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TABLE V
SUPPORTERS: ACTUAL I/O (TB) wiTH 8 GB RAM
Method D, Do D3 Dy Ds Dg
Hadoop 564 155 338 328 315 9,399
STXXL 237 75 159 170 149 4,974
GraphChi 47 17 29 31 27 808
Rstream 62 21 44 45 41 1,165
DWCs-A | 0.002 0.004 2.5 | 0.007 0.06 28
DWCs-B | 0.002 0.004 1.9 | 0.007 0.08 18

C. Actual I/0 and Runtime

Since ACC appears infeasible in most non-trivial cases,
we no longer consider it in our evaluation. We also tested
general-purpose databases by formulating a self-join on the
graph; however, this produced excruciatingly slow results.
For example, a 0.01% subsample of our smallest graph D;
took 1,181 seconds in MySQL. We therefore do not consider
databases as a viable solution to this problem. We further
dismiss DWC; in favor of DWCs and replace the generic
MapReduce concept with four alternative implementations
that have similar asymptotic I/O complexity — Hadoop [10],
STXXL [31], GraphChi [47], and Rstream [70]. The main
difference between these methods lies in the efficiency of the
merger/reducer within each framework. We next briefly review
their features and capabilities.

Hadoop is a widely used Java implementation of Google
MapReduce [30], while STXXL is a highly optimized C++
platform for various external-memory computation, including
sorting. GraphChi is a C++ representative of the family of
libraries in which weights are iteratively passed along the
edges between immediate neighbors [22], [55], [56], [76]. This
model of computation works well with a scalar reducer that
shrinks multiple arriving weights into one (e.g., PageRank);
however, it incurs significant I/O cost when the weights must
be accumulated into growing vectors (e.g., all supporters of
a given node) whose size potentially exceeds RAM. Because
the latest generation of GraphChi allows storing edge weights
to disk, it can successfully operate on Category-1I wedge
problems. Finally, Rstream comes from a related branch of
literature — graph-mining systems [58], [67], [70], [72] — that
perform an inner join of (z,y) with (y, x) to produce wedges
(2,9, ). To construct P,,, all rows in the self-join result are
sorted and aggregated on x.

Note that prior work generates 7, wedges to disk in
the worst case, where the cost of sorting or doing a self-
join is given by (9). The main difference lies in the s-way
merge/distribution factor and possible removal of duplicate
pairs during the intermediate steps. For example, Hadoop uses
s = 10 by default, STXXL adjusts s based on RAM and input
size, and GraphChi uses s = T,, /M to create enough partitions
to finish in one distribution pass. It further compacts the edges
before writing them to disk. These nuances explain why the
actual I/O and runtime vary between prior methods.

Table V shows the I/O cost of all six methods in TBs
and Table VI displays the corresponding runtime in days.
Note that experiments that could not finish within three weeks



TABLE VI
SUPPORTERS: RUNTIME (DAYS) WITH 8 GB RAM
Method D1 Do D3 Dy Ds Dg
Hadoop 115 34 7 83 72 2,437
STXXL 414 11.6 26.7 28.7 24.8 1,093
GraphChi 16.6 4.8 9.4 9.9 8.8 259
Rstream 16.5 4.9 10.2 10.8 9.5 281
DWC2-A 0.20 0.17 0.24 0.28 0.20 2.2
DWC2-B 0.08 0.07 0.15 0.11 0.09 1.3
TABLE VII
PREPROCESSING TIME WITH 8 GB RAM
Partition Inversion
DWCs-A DWCsy-B | DWC2-A DWC2-B
D3 28 min 20 min 2.9 hrs 1.9 hrs
Ds 87 sec 75 sec 4.3 min 5.4 min
Dg 4.2 hrs 3.6 hrs 35.8 hrs 21.7 hrs

are marked with gray background and their numbers are
extrapolated based on the remaining fraction of 7;, that was
still left unprocessed. In the first row, Hadoop is unable to
produce results on any of the graphs, requiring an estimated
564 TB on the smallest dataset D; and 9.3 PB on the largest.
Its predicted runtime is also exceedingly slow — almost 4
months on D; and 6.7 years on Dg. STXXL runs 2-3x faster
and exhibits success on Ds, which it finishes in roughly 11
days, but its performance on the remaining datasets (i.e., 1-36
months) leaves much to be desired. GraphChi and Rstream are
tied for top place, beating Hadoop and STXXL by 6-12x in
I/O and 3-8x in runtime. Despite the win, they require over
two weeks on D; and neither is capable of handing Dg in less
than an estimated 8-9 months and close to a PB of I/O.

We now turn attention to the performance of proposed
methods in the bottom two rows of Tables V-VI. Our C++
implementation performs a full count of unique supporters z,
excludes immediate neighbors of z, and saves the resulting
tuples {z, f(Ps, N;)} to disk. Results from multiple partitions
are aggregated into a final counter for each node. When
the graph fits in RAM (i.e, cases D;, Dy, Dy), DWC,
yields astronomically lower I/O since it does not generate
any auxiliary files and its runtime is 70-200x better than the
fastest techniques in prior work. On medium-size graphs that
are 3-25x larger than RAM (i.e., D3, Ds), the advantage is 23-
270% in terms of I/O and 62-88x in terms of runtime. Finally,
the largest graph, which exceeds RAM by 114x, yields an
estimated improvement by 42x and 199 x, respectively.

As predicted earlier, dispersing counters to many random
locations x in Algorithm 3 has a noticeable negative impact
on the CPU-related runtime. As a result, DWC,-B performs
1.6-2.8x faster than DWCs-A. It also incurs less I/O in
cases where it matters — 35% on D3 and 56% on Dg.
Additionally considering its lower minimum RAM constraint,
DWC,-B emerges as a safe default choice for Category-II
wedge problems in directed graphs.

Overall, the outcome for solving supporter-style problems
using DWCs-B is quite encouraging — graphs with a few
trillion wedges require 1-2 hours using an 8-core desktop CPU,
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while those approaching 100 trillion take about a day, even on
input 100x larger than RAM. While this is not as efficient as
triangle counting, which takes 148 seconds on IRLbot-domain
[28], there are mitigating factors — wedge-based computing
over directed graphs does not have the luxury of applying
custom acyclic orientations to undirected graphs to reduce
complexity, running SIMD neighbor intersection, or discarding
candidate supporters z that are not direct neighbors of x.

To complete the picture, Table VII reports preprocessing
delays that apply to the three graphs larger than RAM.
This result again demonstrates an advantage for DWCs-B,
which is 1.5x faster on inverting ClueWeb-page and 1.6x on
IRLbot-page. While these delays are comparable to the total
runtime, preprocessing is considered an offline operation that
is performed once. In contrast, evaluation of various functions
f over the graph may be executed multiple times.

D. Undirected Graphs

The second application we consider in this paper is counting
non-induced 4-cycles in GG. For this purpose, we use the six
undirected graphs in Table VIII. The first five, obtained from
the Network Repository [1], are relatively small, with sizes
ranging from 17 MB to 110 MB; however, because related
work cannot handle anything much larger, these graphs are
common benchmarks in the field of quadrangle enumeration.
The last graph Us comes from [46] and contains 41M nodes,
1.2B edges, and 502T quadrangles. Even though it is much
smaller than the largest graphs in Table I, its undirected nature
yields an enormous wedge count T,, = >_.d? 246T,
requiring 3x more CPU work than Ds.

Our comparison includes the four methods from the sup-
porter problem and two new frameworks — EMRC [78] and
Multiway Join MapReduce (MJIMR) [3], [4]. The former is
a state-of-the-art solution for counting 4-cycles in external
memory, while the latter focuses on speeding up MapReduce
joins during the search for certain families of subgraphs,
including triangles and quadrangles. Since neither approach
provides an implementation, we develop our own using C++.
It should be noted that EMRC’s in-memory search component
WCRC uses a hash table to keep a counter for each unique
wedge pair (z, ), which leads to a massive data-amplification
problem. With our notation from (8), the hash table size scales
proportional to the number of supporters, i.e., ) . Q;. For
example, WCRC implemented using the C++ unordered_map
exceeds 24 GB on graph U/, and runs out of 32 GB memory
on Us. As confirmed by the analysis in [78], EMRC subgraphs
with = edges require in-RAM space complexity O(z!),
which lowers the size of each subgraph from M to M?/3
and leads to O(m?/M?/?) asymptotic 1/O complexity. This is
already worse than our introductory method DWC;.

Applying DWC to quadrangle detection requires operation
on undirected graphs. This can be done by replacing G+ and
G~ in Algorithms 1-6 with the undirected version G. Note
that DWC can obtain 4-cycle counts per node, as well as
produce a list of participants in each of them; however, a
common benchmark in previous work is to output the total



TABLE VIII
UNDIRECTED GRAPH PROPERTIES

Name  Graph Nodes n Edges m Degree  Size (MB)  Wedges T, = >, d? Quadrangle count max; d;
[Z Web-Google 875,713 4,322,051 9.9 39.7 1,463,478,550 539,575,204 6,332
U ‘Web-Stanford 281,903 1,992,636 14.1 17.4 7,892,123,458 13,316,840,570 38,625
Us WikiTalk 2,394,385 4,659,565 3.9 53.8 25,196,363,974 2,152,013,141 100,029
Uy Com-Youtube 1,134,890 2,987,624 5.3 31.5 2,954,940,368 468,774,021 28,754
Us Bio-mouse 43,126 14,464,096 642.3 110.8 51,645,960,052 4,357,162,782,838 8,032
Us Twitter 41,652,230  1,202,513,046 57.7 9,492  246,873,584,440,346  502,590,430,301,880 2,997,487

TABLE IX TABLE X
QUADRANGLES: ACTUAL I/0 (GB) WITH 8 GB RAM QUADRANGLES: RUNTIME WITH 8 GB RAM

Method U U Us Uy Us Us Method 128 Us Us Uy Us Us

Hadoop 23.3 139 705 | 61.4 1,249 | 1™ Hadoop 180s  2,029s  3.45h 841s  4.81h 7.5y
STXXL 144 733 405 | 12.7 753 ™ STXXL 45s 274s  0.31h 108s  0.57h = 234d
GraphChi 0.5 53.6 326 9.9 98 2M GraphChi 39s 1,515s 2.67h 369s 1.31h | 924d
Rstream 84 379 151 | 18.5 277 1M Rstream 227s 887s  0.98h 486s 1.16h | 772d
EMRC 0.2 0.13 1.8 0.3 0.33 = 23K EMRC 285s 772s  2.06h 725s  1.06h = 762d
MIMR 2.0 0.9 2.2 1.4 6.75 - MIMR 43s 190s  0.44h 141s  17.6h -
DWCsy 0.04 0.02 0.05 | 0.03 0.11 28 DWC3-B | 0.58s 1.01s  18.8s | 1.08s  3.58s 6.8d

number of quadrangles in the entire graph. In such cases, it is
wasteful to visit each motif four times, which can be avoided
by considering only wedge collections P,, with z < z and
wedges P,,, such that z < y, which we also do in EMRC
and MJMR.

To obtain the number of wedges in each set P,,, DWC
walks from z to discover all supporters z and increment their
hit counters using Algorithms 3 and 4 (Lines 7-9). After x is
fully processed, we revisit each supporter z, retrieve its counter
¢, and increment a global sum by (;), resetting all modified
counters back to zero. When dealing with multiple partitions,
1D decomposition of the 4-cycle problem guarantees that
individual partition-specific counters can be added to each
other to produce the final value. For this algorithm, counter
space is limited to a small array of size |V;.| for each subgraph
r, which is usually orders of magnitude less than in EMRC.
Furthermore, with |V.| greatly smaller than subgraph size, we
can multi-thread the algorithm by assigning a separate counter
array to each thread, eliminating the need for synchronization.

We next examine the actual cost to perform enumeration of
all 4-cycles in the six graphs of Table VIII. In this comparison,
we set the memory limit M to 8 GB and do not differentiate
between DWCs-A and DWC5-B because their 1/0 is identical
when operating on undirected graphs. We present the I/O result
in Table IX, again marking extrapolated values with a shaded
background. Although the first five graphs I{; — U5 are smaller
than RAM, all methods in related work produce non-trivial
amounts of I/O. This can be explained by their disk workload
being a function of either 7}, or the number of supporters in
each subgraph. Thus, Hadoop begins with 23 GB of I/O on U,
which snowballs to 1.3 TB by the time we get to Us. STXXL
suffers a 50x increase between these datasets and GraphChi
200x. While EMRC comes out ahead of the other methods
in previous work, it still requires between 2 and 16 partitions
due to the high hash-table space cost.

When dealing with Ug, however, the situation gets worse.
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The first four methods in the table produce an estimation I/O
that ranges from 1 to 17 PB. While EMRC is still decidedly
better, it nevertheless needs 815 partitions and 23 TB of I/O. It
should be noted that MJIMR is second-best on the small graphs
(i.e., within a factor of 1.2-20 of EMRC), but its extrapolation
model is fairly complex, which explains why it is left blank
in the table. DWCs,, on the other hand, can finish U — U5
without partitioning and Us with just 28 GB of I/O. This is
almost 1000x less than the closest competitor.

Table X shows the corresponding runtime. On the first five
graphs, STXXL is frequently the fastest among prior work,
topping out at 0.57 hours on 5. Even though EMRC has the
lowest I/O among these methods, its poor RAM usage leaves
space for only one hash table that occupies almost the entire
8 GB. As a result, EMRC runs faster when using a single
thread, while usage of multiple threads leads to performance
degradation due to the extra synchronization cost. MJMR is
close to STXXL on U, — Uy, but its CPU efficiency sharply
deteriorates on graphs with larger quadrangle counts, resulting
in an enormous 17.6 hours on Us. Extrapolating the runtime
to Ug leads to an estimated 7.5 years for Hadoop, 7.8 months
for STXXL, and over 2 years for the next three methods.

For better cache locality, we use DWC,-B in Table X,
where it posts results that are 34-570x faster than the best
alternatives. The largest speedup is achieved on our densest
graph Us, where DWCy-B delivers the output in just 3.58
seconds. One reason for this performance is Algorithm 4 that
finishes full wedge discovery in the neighborhood of each
node x before moving elsewhere, which leads to tiny hash
tables that fit into L2/L.3 caches and effortless parallelization.
Additionally, by minimizing the amount of I/O, the number
of hits against the hash table in Theorem 5 is also kept to
a minimum, resulting in faster runtime. In the final graph
Us, DWCy-B has no trouble finishing the job, enumerating
all 502T quadrangles in 164 hours.



VI. CONCLUSION

We created a novel taxonomy of wedge-based computation
in external memory for a wide range of graph-analytics
applications. Under this umbrella, we identified three distinct
categories of algorithms based on the type of decomposition
they allowed and proposed an I/O-efficient solution for the
medium-complexity class, significantly improving previous
techniques in this area. While this type of computation is
rarely attempted in external memory, experiments show that
our approach is feasible even on graphs that exceed RAM size
by two orders of magnitude and contain hundreds of trillions
of wedges, without requiring exorbitant cluster resources.
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